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Abstract 

We present here all the real algebras A with dim^ <5 and all 
6- dimensional nilpotent ones with symmetric, invariant and non- 
degenerate metrics for which a WZW model can be constructed. 
In three and four dimensions there are no other algebras than the 
well known SU{2), SU{1, 1), E2 and H^. There exist only one five- 
dimensional and one six-dimensional nilpotent algebra with invariant 
non-degenerate metric and central charge c = 5, 6, respectively. We 
examine in details the five-dimensional case and, by gauging an ap- 
propriate subgroup, four- dimensional plane-wave string backgrounds 
are obtained. The corresponding background for the six-dimensional 
case is flat. 
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1 Introduction 



An important problem in string theory is to find exact string backgrounds. These 
will determine the short distance structure of space-time and will provide infor- 
mations about string-generated gravitational interactions. One may distinguishes 
roughly the following classes of exact solutions, fiat space with linear dilaton 
plane wave and = 4 supersymmetric string backgrounds , WZW models 
and gauged WZW models |^. We will examine here solutions in the last 
two classes writing down all WZW models based on groups with dimension up 
to five as well as on six- dimensional nilpotent groups. 

Conformal field theories can be constructed, in this or in the other way, using 
current algebras. The simplest models are the WZW models based on a group 
G where the full symmetry of the action is realized in terms of current algebras 
[||. Gauging appropriate (anomaly free) subgroups we obtain new conformal 
field theories, the coset models . WZW models based on compact groups have 
been employed in string compactification while those based on non-compact ones 
may regarded as curved backgrounds f^. Recently, attention has been given in 
models based on non-semisimple groups |0-|19|. The non-invertibility of the 
Killing form makes impossible in this case to construct the corresponding WZW 
models in the standard fashion. However, there exist groups which, although non- 
semisimple, they have an invariant, symmetric and non-degenerate metric. In this 
case, an affine Sugawara construction can be carried out leading to integer central 
charge. Attempts to find non-semisimple affine Sugawara constructions with non- 
integer central charge [12 show that in this case the construction factorizes into 
a semisimple standard Sugawara construction and a non-semisimple one with 
integer central charge. 

The first of these WZW models was based on the group E2, a central extension 
of the 2-dim Euclidean group and the corresponding cr-model describes string 
propagation on a four- dimensional gravitational plane wave background [0]. This 



construction was subsequently extended to other non-semisimple groups |10 



[|T^,||T3[, the representations of the affine E2 were constructed in terms of free 



fields and various gaugings have been considered [11, 14, 16 [. The basic feature 



of all these models is that they describe string propagation in backgrounds which 
admit one or more null Killing vectors. They are geodesically complete (free of 
singularities) [0] and, furthermore, it was shown that any gravitational wave can 
be extended to an exact string background where the underlying conformal 



field theory remains to be discovered [jT9[. 

Here we examine algebras with invariant symmetric and non-degenerate met- 
ric. Since all real algebras with dimension up to five and nilpotent six dimen- 
sional ones are known, it is straightforward to find those algebras for which such 
a metric exists. We found that the first non-trivial case is the well-known three- 
dimensional SU(2) and SU(1,1) and in four dimensions the centrally extended Eu- 
clidean and the Heisenberg algebra. Finally, there exists only one five-dimensional 
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and one six-dimensional nilpotent algebra for which a WZW model can be con- 
structed. We examine in details the five- dimensional case and, by gauging an 
appropriate subgroup, a four- dimensional string background is obtained. The 
corresponding background for the six-dimensional case is fiat. 



2 Invariants of Lie algebras 

A central problem in representation theory of Lie groups and Lie algebras is the 
determination of their invariants, i.e., functions of the generators which commute 
with all generators. From the mathematical point of view, their importance fol- 
lows from the fact that they label representations, split reducible representations 
into irreducible ones, produce all special functions as eigenfunctions of the corre- 
sponding invariant operators etc.. On the other hand, from the physical point of 
view, the invariants of the symmetry group of a physical system provide quan- 
tum numbers, mass formulae, energy spectra and so on. Let us stress, however, 
that the invariants of a Lie group are not necessarily Casimir operators (poly- 
nomials of the generators). There are groups with polynomial invariants which 
give rise to Casimir operators, as well as groups with rational invariants (ratio of 
polynomials) or even groups with no invariants at all ||20|, ^|. 



The invariants of semisimple groups are known and their number equals the 
rank of the group. For non-semisimple groups, there exists a systematic way to 
compute their invariants. The most well studied group in this category is the 
Poincare group the invariants of which provide the particle states with mass and 
spin. 

An invariant of fundamental importance is the quadratic Casimir. It is 
quadratic in the generators Jj, {i = 1,2, ...,dimG) of the group G and can col- 
lectively be written as 

C(2) =^]^ij.j^., (1) 

where may be viewed as elements of a symmetric and possibly degenerate 
matrix. The generators Jj satisfy 

[Jii Jj] — fij Jk 1 (2) 

where fij'' are the structure constants. From the invariance of C-^-* it follows that 
Q'^^ must obey 

n'^f,/ + n''f,^^ = 0. (3) 

If we consider Q'^^ as a symmetric matrix and if its determinant is not zero, 
one can form the inverse matrix Qij which is also symmetric, non-degenerate and 
invariant under the adjoint action of the group 

^ijfke" + ^iifkj^ = . (4) 
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One may then use as the metric on the group manifold and for semisimple 
groups is proportional to the Killing form gij = ftk fjt' . 

Non-semisimple groups may also have quadratic Casimirs with non-degenerate 
f]'-' although their Killing form is degenerate. We recall the Poincare group in 
three dimensions which, apart from the usual mass^ = P P invariant, it has 
an additional one, the helicity defined as J P. As a result, the Poincare group 
in three dimensions is a six-dimensional non-semisimple group with quadratic 
Casimir 

C^^^ = kiP-P + k2J-P (5) 

where ki , k2 are constants. In this case, although the Killing form is degenerate 
the corresponding Qij is not and can be considered as the bi-invariant metric on 
the group manifold. One may observe the existence of parameters in C^'^\ The 
reason is that there are two linearly independent quadratic Casimirs. Generally 
speaking, the number r of independent Casimirs of an algebra A satisfies r < 
dim A — r{A) where r{A) is the rank of the matrix 



Rij 



The equality holds for semisimple and nilpotent groups which have only polyno- 
mial invariants and fails for an abstract algebra since there exist in general and 
non-polynomial invariants [Q. 

There are also exist other non-semisimple groups with a non-degenerate met- 
ric, as the centrally extended Euclidean group H-W^, the Heisenberg group 



1^ and so on. However, we do not know all the groups with bi-invariant metric 
Qij, although theorems for the structure of these groups have been proved [p3[] . 
On the other hand, all real Lie algebras with dimension less than five {dimG < 5) 



2J] and all nilpotent six- dimensional ones are known. Thus, in this case it 



is straightforward to write down the algebras with non-degenerate metric. We 



will follow the list presented in |^ where the independent Casimirs are given as 
well. 



a) 1-dimensional real Lie algebras 

The one-dimensional algebras, denoted by Ai, are abelian and the quadratic 
Casimir is just the square of their generators. 

P) 2-dimensional real Lie algebras 

There exist two two-dimensional Lie groups, the ^2,1 and the ^2,2- The former 
is abelian A2^i = Ai (B Ai with Casimir 

The latter ^2,2 is solvable and it is defined by the commutation relation 

[JuJ2] = Ji. (7) 
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This group is the affine group in one dimension and it has no invariants at all. 



7) 3-dimensional real Lie algebras 



The three-dimensional Lie algebras have been classified by Bianchi and are 
known as Bianchi-type. There exist nine Bianchi-type algebras (one of which 
depends on a parameter and it is actually a continuous family) which together 
with the Ai®Ai®Ai and ^42,2©^! consist the 11 different three-dimensional 
real Lie algebras. From these, only the Bianchi-type VII and IX (denoted by 
A3 8 , A3 9, respectively,) have quadratic Casimirs. These algebras are defined by 
the commutation relations 

[Ji, J2] = J3 , [J2, J3] — Ji ■, [J^^ Jt] — J2 , 

[Jl,J2] = -2J3, [J2,J3] = Jl, [J3,Jl] = J2, (8) 

and the corresponding quadratic Casimirs are 

= J2 + J2 + J2 
^(2) ^ J^J3+ J3J^ + 2J2. (9) 

^3,8 ,^3^9 are semisimple and isomorphic to SU{2), SL{2,R), respectively. 
5) 4-dimensional real Lie algebras 

There exist 12 real four- dimensional Lie algebras. Five of them depend on 
parameters and thus they form continuous families of algebras. There are two 
algebras which have invariant metric, the solvable algebras /I4 8 and A4 iq. The 
former is defined by the commutation relations 



[^2, Js] 

[J3, M 



(10) 



It is isomorphic to the real Heisenberg algebra H{A^R). The quadratic Casimir 
is 



C(2) = kiJl + A;2( J2 J3 + J^J2 - 2Ji J4) , 
and thus VL^^ , VLij are given by 



(11) 
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(12) 



where qi — —ki/k"^ , q2 — l//s2- 
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The algebra ^4,10 is defined by the commutation relations 

[J2-, = Jl , 



[J2,J4\ 



-J'. 



3 , 



J2 



(13) 



and it is isomorphic to the centrally extended Euclidean algebra The quadratic 
Casimir is 

C(2) = k^j^ + k2{J2 + Jl + 2Ji J4) , (14) 
and the metric is found to be 



( h 


V k2 





k2 

k2 





k2 \ 
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qi I 



(15) 



where q\ = —ki/k^ , q2 = ^/k2- The two algebras above are the only indecompos- 
able ones with quadratic Casimirs. There also exist decomposable algebras with 
quadratic Casimirs, namely, 74i©Ai©Ai©yli , A^^gQAi and A^^^Ai. Note that 3 
over the complex is isomorphic to ^4^10 (they have the same complexification) . 

e) 5- dimensional real Lie algebras 

There exist 40 five-dimensional real indecomposable algebras eighteen of which 
depend on one or more parameters and only one of these has an invariant metric. 
It is the nilpotent algebra A5 3 which is defined by the commutation relations 



(16) 



[^3, J4] 


= J2 


[J3, M 


= Jl 




= J3 



The quadratic Casimir for this algebra is 

C(^) = kiJf + k2Ji + ksiJi + 2J2J5 - 2Ji J4) . 
and the invariant metric is then found to be 



(17) 
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, (18) 



where qi — l/k^,q2 — —ki/k^ , — —k2/k'^. The full hst of real five-dimensional 
algebras with invariant metric contains also the decomposable algebras 
^3,80^ ®Ai, A3,9©Ai®Ai, A4,8®^i and A4,io©^i- 
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err) 6-dimensional nilpotent Lie algebras 



There is no complete classification of the six-dimensional real algebras. How- 
ever, all nilpotent six-dimensional algebras are known. There exist 22 of them 
and only one has an invariant metric. This is the algebra ^46,3 defined by the 
commutation relations 



[^1,^2] 
[^1,^3] 

[^2,J3] 



Jq 1 

J4 , 
J5 . 



(19) 



The quadratic Casimir is 



C(') = kiJl + k2Jl + k^Jl + ki{Jih + hJ^ - J2J4) 



(20) 



and the metric is given by 



where qi 
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■4,93 



-ki/kl,q^ = -ks/kj 



(21) 

The algebra 3 



together with (B^Ai and ^5^3 © Ai completes the list of all real six-dimensional 
Lie algebras with an invariant metric. 



3 WZW models 

A WZW model based on a simple group G is defined on a two surface E by the 
action 

Swzw ^ ^ [ da^Tr{g-'dgg-'dg)-i^ [ dah'^'^Tr{g-'dagAg-'d,gAg-%g) , 
47r Je dtt Jb 

(22) 

where i? is a three-manifold bounded by E. If the traces are in some representa- 
tion TZ of the group, then the normalization factor k is given by 

kcada 

H = 7Z 

4 ho cndn 

where k G Z is an integer, dfi{d(;i) and cji{cg) are the dimension and the quadratic 
Casimir of the TZ (adj) representation and he is the dual Coxeter number. 
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It is also possible to write down WZW models for non-semisimple groups as 
well. The necessary condition is the existence of an (bi-) invariant metric. This 
can be done as follows. One defines on the group manifold the left and right 
invariant forms g~^dg and dgg~^, respectively. Since these forms are elements of 
the corresponding algebra, they may be expressed as 



g ^dg 

dgg'^ 



L^Jidz'^ , 



(23) 
(24) 



where {z"-) parametrizes the Euclidean 2d world sheet. If the algebra has an 
invariant metric fijj, then the corresponding WZW model can be written as 



^wzw 



k_ 

4:71 



(25) 



The currents associated with the above action satisfy the current algebra of 
G which is specified by the OPEs 



Ji{z)Jj{w) 



— wY '''' {z — w) 



+ regular . 



(26) 



Starting with the current algebra one can construct stress tensors which are 
bilinear in the currents, Tl = '■ JiJj • where L*-' is the inverse inertial tensor 



The condition for the Jj's to be primary fields of weight 1 is written as 

Ji(z) dJi(w) 



Tl{z)J, 



+ 



+ regular . 



(27) 



[z — wY ' {z — w) 

By using eqs. (|26| , p7|) and the definition of Tl, we find that must satisfy [jl3|, ^ 

V^fk/ + L^'fk/ = 0, (28) 

2V^Qkj + L"'"'fkm^fin = 5\ . (29) 

Thus, is an invariant symmetric tensor as follows from eq.(p8D and by em- 
ploying the latter in eq. (|29|) we get 



U^{2nu,+gu,) = 5' 



(30) 



where gkj is the Killing form. Thus, is the inverse of the matrix (2i7fcj + g^j) 
and the central charge is 

c = 2Umij . (31) 

By using eqs(|^,|l^,|l^,^), we find that the for the algebras 8 , lo , 3 
and are 
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k^ j 



(32) 



and the central charge is c = 4, 4, 5, 6, respectively, i.e. equals the dimension of 
the corresponding algebras [|12|. The same result could be obtained by solving 
directly the Virasoro master equation [p6| . 

One may read off a space-time and antisymmetric tensor field background by 
identifying the WZW action with the a-model action 



5 = 1 SaiGuNdaX'^'d'^X'' ^iBuNe'^^'daX^'dy^X''') 



(33) 



We will examine only the cases of As^s and ^6,2 since all the rest have been studied 
so far. To begin with the algebra As^s, we form the corresponding group by 
exponentiation and we parametrize the group manifold with coordinates (ctj, % = 
1, 5) by writing the elements of the group as 
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(34) 



By using eqs(^^4|), we find that the left invariant forms are 



1 7 

dai + —das , 



OiA 



da2 + a^a^da^ — —da^ , 

a^da^ — a^da^ , 
das + , 
dar, , 



(35) 



and the right invariant ones are 

R' 
R' 
R' 



da\ + —da/^ , 

da2 + a^oi^da/^ - 

a^^da^ — a^da^ , 
das + da4 , 
da^ . 



at 



da^ 



(36) 



Thus, the terms which are integrated in the action (H^) are calculated to be 



L^VVLij = 2qidaaid''a-i - 2qidaaid''ai - qialdaa^d^a^ 

+2qidaa2d"'a^ + g2(4a3 + daa^f + q^daa^d^a^ 



(37) 
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e'^"^LlLlL'J,/n 



Ik 



3qie''''^dcialdaasdba4) , 



(38) 



and the WZW action is written as 
k 



S = — (fa (2qidaaid"'a3 — 2qidaOLid'^OLA — qia^daa^id'^aA + 2gi9aa2f^°«5+ 



q2{daa3 + daa4Y + q^daa^d^a^ + iqie'^^dcaldaa^dbai 



(39) 



By identifying the WZW action above with the cr-model action ( P5D (X*^ = 
(q!i, as)), we may read off the space-time metric and the antisymmetric tensor 
field 



G 



^3 



'34 



/ 












\ 
















Qi 











\{q2 - qial) 












\{q2 - qiaf) 







V 













^3 / 














2 













(40) 



The corresponding space-time hne element and the antisymmetric field Hmnl = 
d[MBNL] are therefore 

ds"^ = —2qidaida3 — 2qidaida4 — qia^da^da^ + q2{da3 + da^Y 

+2qida2da^ + q^dal , (41) 
Hu^ = «5. (42) 

We observe that the metric (^) has signature +1 since it has two null Killing 
vectors. Thus, it cannot be considered as a physical space-time background, not 
even in a higher dimensional Kaluza-Klein setting. However, one may gauge an 
anomaly-free subgroup in such a way to remove one time-like direction p, p. 
This will be done in the next section. 

In view of the conformal invariance of the WZW model, the one-loop beta- 
function equations 

0, (43) 



Rmn — -H%[j^ — VmVatc; 



MNL 



0, 



-R+ + 2A</. + Vm0V^V + ^ = , 



must be satisfied. The shorthand notation iJ? 



TJ KL TT tt2 



H^ 



(44) 
(45) 

jjMNL 



'■MN — -^-^M J-i-NKL-, ->■->■ — -i-J-MNL 

have been used and 5c is the central-charge deficit. One can verify that the metric 
( pTD is Ricci fiat {Rmn = 0), Hf^j^ = and thus, the beta-function equations are 
indeed satisfied with c = 5 and constant dilaton field. 
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Let us now turn into the six-dimensional algebra ^6,3. We parametrize the 
corresponding group with coordinates (oj, i = 1, ... ,6) so that its elements can 
be written as: 

g — ^cuiJi ^a2J2^aiJ3^aiJ4+a5Js+aeJe (46) 

By using eqs( p3| , p4| ), we find that the left invariant forms are 



= dai , 

= da2 , 

= da^ , 

= da4^ + a^dai , 

= da^ + a'ida2 , 

= dttQ + a2dai , (47) 



and the right invariant ones 



= dai , 

= da2 , 

R^ = da^ , 

R^ = da^ + aida^ , 

R^ = da^ + a2da3 , 

R^ = daQ + aida2 . (48) 

Thus we have 

L^U^Vtij = qidaaid^ai + q3daa2d''a2 + Qidaa^d^as 

+2q2daaid''a5 - 2q2daa2d^ai + 2q2daa3d''aQ 
+2q2a2daa3d''ai , (49) 

e^''LlLlL';f,,%k = Qq2e''''d^aid,a2d,as 

= Qq2e''^^da{aidba2d^a^) . (50) 

Substituting the above expressions in the WZW action and comparing with the 
cr- model action (0), the metric and the non-zero components of the i^MAfL-held 
are given by 



ds^ = qida\ + q^^dal + q^dal + 2q2daida^ — 2q2da2da4 

+2q2da3daQ + 2q2a2dazda\ , (51) 
Hi2z = q2. (52) 
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One may easily verify that, by defining coordinates 

q2 , 1 . 

X2 = y/q3a2 7^(a4 + 7T"3ai) , 

2 

V'?3 ^ 

2 

X6 = -^^(ae + -aia2) , (53) 

the metric takes the form 

ds"^ = dx\ + dx\ + (ixg — (ix4 — dxl — dxl , (54) 
while the no n- vanishing components of the i^MAfL-field are 

Hi23 = HiQ2 = -f^l34 = HiQ4 = H^2,2 = -f^526 = -f^543 = -f^564 = . • (55) 

^/M2q3 

Thus, the corresponding cr-model is flat with three time-like directions and the 
beta-function equations are satisfied (with c = 6) in view of -fff/Af — 0- 



4 Gauged WZW models 

The WZW action is invariant under global g hj^^ghji transformations. We can 
make this transformation local by introducing gauge fields A, A with transfor- 
mation properties A hJ^^^A + 9)/il, A — > h]^^{A + d)hji. The choice hji = 
corresponds to vector gauging while hji = h'j} to axial one. Anomaly consider- 
ations allow axial and vector gauging for abelian subgroups and vector gauging 
for non-abelian ones. The gauged action takes the form 

S[g,A] = S[g] + ^ f dh{< A,dgg-' >T< Ag-'dg > +AAt < g-'Ag,A >) , 
Zn J 

(56) 

where <, > denotes the inner product defined by fly and upper and lower signs 
correspond to vector and axial gauging, respectively p, |^. 

Let us now consider axial gauging for the five- dimensional case choosing to 
gauge the abelian subgroup generated by J4. The gauged WZW action is written. 
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in complex coordinates, as 
k 



f£ P 

Saxiai = i~ / d"^^ { ~ qidaidas — qidasdai — qidaida^ — qidaida4 

4:71 J 

— -qialidasda^ + da^da^) + qi{da^jda2 + da2da^) 

+q2da^da^ + q2{da-idai + da^da^) + g2<9a;4(9a4 

+ -qia\{daida2, — da2,dai) 
2 



-2qi{dai + ^alda^) + 2q2{da^ + dai) 
-2qi{dai + ^alda^) + 2q2{da^ + 90:4) 



+A 
+A 

+AA{Aq2-qial)] (57) 



and it is invariant under the transformations 

5ai = bot2 = Sa^ = 0, 
6a3 = botA, = e, 

6 A = -de. (58) 

One can obtain the cr-model by fixing the gauge and then integrate over the gauge 
field. A convenient gauge choice is 03 + 04 = and the resulting cr-model action 
is 

S = — / (fz ( ^dada + qida^da2 + qida^da2 + q^da^da^ 

47r J 4^2 — qi^i 

^daidai — ^ ^ ^ (dadai — dadai) ) . (59) 



Aqt ^ 2qta 

4g2 - qiai Aq2 - qia^ 



By comparing (^) with the most general class of conformal invariant cr-models 

S = J d^z[{G^^ + B^^)dX^'dX'' + a'm{X)] , (60) 

we may read off the background metric Gf^u, the antisymmetric field 5^1, and the 
dilaton $ (coming from the AA term in the action ) 

1.0 



ds^ = — -dx"^ H — -dy'^ + 2dudv . 



.2 I ,.2 



$ = ln{u^ + jj,^) + const.. (61) 

We have defined x = y/qiai, y = y/q20;, u = as, v = ^0^2 + ^05, /i^ = ^ and 
we have replaced k by (—A;) and by (—93) in the action (^). This plane- wave 
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solution has been found (with a different B^y but still the same Huxy field) in []T9 
as a special limit of the E2 x f/(l)/[/(l) coset model. 

Let us now consider the vector gauging of the same abelian subgroup gener- 
ated by J4. The gauged WZW action in complex coordinates in this case is 



vect = -;— { — qidaida^ — qida^dai — qidaida^ 

4:71 J 

1 _ _ _ _ 

— -qialidasda^ + da/idas) + qi{da^da2 + da2da5 

+q2da^da^ + q2{da^da4^ + da^da^) + q2da^da4^ 



+A 
-A 



-2qi{dai + -alda^) + 2q2{da3 + da^) 



+ qiaiAA\ (62) 



This action is invariant under the transformations 



6ai = 6a2 = Sa^ = 0, 
—das = dc(4 = 

6A = de. 



(63) 



As in the case of axial gauging, by fixing the gauge and integrating over the gauge 
field one can obtain the a-model action which, choosing = a4(= a) is found 
to be 



S = — I d'z 
in 



^2. r 4^2(4^2 - giai) Q^jj. , 4gi^ ^ 



qial 



-dada H ^daidai + q^da^da^ 



at, 



+qi{da5da2 + da2da5) '^{dadai + daida) 



(64) 



^a2 + 



By defining coordinates x = y/qi{(^i — '^^)^ V — v^*^' ~ '^5' ^ ^ 4 
ytts and comparing (0) with (|60D, we may read off the space-time metric and 
the dilaton 



1 

V? 

Inw^ + const. 



ds^ = —dx^ + dy'^ + 2dudv , 



(65) 



One can verify that the one-loop beta-function equations for conformal invariance 
are indeed satisfied with central charge deficit 6c = 0. 

Finally, let us stress that the solutions (|61|j65D are related to the 4-dim Minkowski 
space-time by a duality transformation The duality transformation for the 
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case of an abelian isometry x° ^ x° + const, in the coordinate system 
reads 

_ ^ GoiGoj — BoiBoj 







Bio 
Goo ' 


Goo — 


r< ^ Goi - 


Boi = 


Goi 5 


Bij - 


!> = 


$ + InG 00- 





GoiBoj — GojBoi 



Goo 

(66) 

Applying this transformation to the solution (^) for the isometry x —>■ x + const., 
and defining coordinates xi = fix, X2 = x — ^, we get 

ds'^ = dx\ + u^dx\ + 2dudv , 

Bxy = , Bij = 

$ = const. (67) 

while the same isometry for the solution (|65|) leads similarly to 

ds'^ = v^dx^ + dy^ + 2dudv , 
$ = const (68) 

One may verify that the Riemann tensor for both the above metrics vanishes and 
thus, they describe flat spacetimes. 



5 Conclusions 

Although many theorems about the structure of algebras with invariant and non- 
degenerate metric exist, we do not know these algebras explicity. In particular, 
non-semisimple affine Sugawara constructions leads to integer central charge and 
the corresponding exact background can be considered as a physical space-time 
(as long as there exist one time-like direction) for sting propagation. Thus, the 
non-semisimple WZW models are particularly interesting since they provide ex- 
act string backgrounds but, in view of the absence of any classification of non- 
semisimple groups, their construction is an open problem. 

Starting from the fact that all real algebras with dimension up to five and all 
nilpotent six dimensional algebras are known, we examined for which of these an 
invariant, symmetric and non-degenerate metric exists. We found that, up to four 
dimensions, there are no other such algebras except the already known SU{2), 
SU{1, 1), E2 and if4. In five dimensions there exist only one such algebra. We 
constructed the corresponding WZW model and the resulting five-dimensional 
background is of plane-wave type but with two null Killing vectors. Thus, the 
resulting space-time cannot be considered as a physical background for string 
propagation. However, by gauging appropriate subgroups, gauged WZW were 
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obtained corresponding to 4-dimensional plane-wave space-time with physical 
Lorentz signature. These gauged models are related to flat Minkowski space- 
time by a duality transformation. The six dimensional case corresponds to flat 
space with three time-like directions. 

I would hke to thank E. Angelopoulos for discussions, E. Kiritsis for comments 
and N. Obers for an enlighting correspondance. 



16 



References 

[1] R. Myers, Phys. Lett. B 199 (1987)371; 

I. Antoniadis, C. Bachas, J. Ellis and D. Nanopoulos, Phys. Lett. B 211 

(1988) 393. 

[2] R. Giiven, Phys. lett. B 191 (1987)275; 

D. Amati and C. Klimcik, Phys. Lett. B 219 (1989)443; 
G.T. Horowitz and A.R. Steif, Phys. Rev. Lett. 64 (1990)260; 
R. E. Rudd, Nucl. Phys. B 352 (1991)489; 

C. Duval, G. W. Gibbons and P. Horvathy, Phys. Rev. D 43 (1991)3907; 
A.A. Tseytlin, Nucl. Phys. B 390 (1993)153; Phys. Rev. D 47 (1993)3421; 

[3] E. Kiritsis, C. Kounnas and D. Liist, Int. J. Mod. Phys. A9 (1994)1361; 

E. Kiritsis, C. Kounnas and D. Liist, "Superstring gravitational wave back- 
grounds with spacetime supersymmetry", preprint CERN-TH. 7218/94, [hep- 

I th/9404TTl 

[4] C.R. Nappi, Phys. Rev. D 21 (1980)418; 
S. P. Novikov, Sov. Math. Dokl. 37 (1982)3; 
E. Witten, Commun. Math. Phys. 92 (1984)455. 

[5] I. Bars and D. Nemeschansky, Nucl. Phys. B 348 (1991)89; 
E. Witten, Phys. Rev. D 44 (1991)314; 

J. H. Home and G. T. Horowitz, Nucl. Phys. B 368 (1992)444; 
P. Ginsparg and F. Quevedo, Nucl. Phys. B 385 (1992)527. 

[6] K. Bardakci, E. Rabinovici and B. Saring, Nucl. Phys. B 299 (1988)157; 
K. Gawedzki and A. Kupiainen, Phys. Lett. B 215 (1988)119; Nucl. Phys. B 
320 (1989)625; 

D. Karabali, Q-H. Park, H. J. Schnitzer and Z. Yang, Phys. Lett. B 216 

(1989) 307; 

R. Dijkgraaf, E. Verlinde and H. Verlinde, Nucl. Phys. B 371 (1992)269; 
A.A. Tseytlin, Phys. Lett. B 268 (1991)175. 

[7] K. Bardakci and M. B. Halpern, Phys. Rev. D 3 (1971)2493; 
M. B. Halpern, Phys. Rev. D 4 (1971)2398; 
P. Goddard, A. Kent and D. Olive, Phys. Lett B 152 (1985)88 

[8] J. Balog, L. O'Raifeartaigh, P. Forgacs and A. Wipf, Nucl. Phys. B 325 
(1989)225; 

1. Bars, Nucl. Phys. B 334 (1990)125. 
[9] C.R. Nappi and E. Witten, Phys. Rev. Lett. 71 (1993)3751. 
[10] D.l. Olive, E. Rabinovici and A. Schwimmer, Phys. Lett. B 321 (1994)361. 



17 



[11] K. Sfetsos, "Gauging a non-semisimple WZW model", preprint THU-93/30, 
[iep-th/9311010| ; "Exact string backgrounds from WZW models based on non- 
semi-simple groups", preprint THU-93/31, |hep-th/9311093 ; "Gauged WZW 
models and non-abelian duality", preprint THU-94/1, |hep-th / 9402031| . 

J.M. Figueroa-O'Farrill and S. Stanciu, "Nonsemisimple Sugawara construc- 
tions", preprint QMW-PH-94-2, |hep-th/9402035| . 

N. Mohammedi, "On bosonic and supersymmetric current algebras for non- 
semisimple groups", preprint BONN-TH-93-51, |hep-th/9312T8l "WZNW 
models based on Lie superalgebras" preprint BONN-TH-94-03. 

E. Kiritsis and C. Kounnas, Phys. Lett. B 320 (1994)264; 

A. A. Kehagias and P. A. A. Meessen, Phys. Lett B 331 (1994)77. 

L Antoniadis and N. A. Obers, "Plane gravitational waves in string theory", 
preprint CTPH-A299.0494, |hep-th/9403T91] . 

H.W. Brinkmann, Proc. Nat. Acad. Sci. (U.S.) 9 (1923) 1; 
N. Rosen, Phys. Z. Sowjetunion, 12.4 (1937)366; 

J. Ehlers and W. Kundt, in Gravitation: an introduction to current research, 
ed. L. Witten, J.W., N.Y. 1962. 

C. Khmcik and A. A. Tseythn, "Duality invariant class of exact string back- 
grounds", preprint CERN-TH.7069, |hep-th/931iaT^ . 

K. Sfetsos and A. A. Tseythn, "Four dimensional plane wave string solutions 
with coset CFT description" , hep/th 9404063. 

L. AbeUanas and L. Martinez Alonso, J. Math. Phys. 16 (1975)1580; 
J. Patera, P. Winternitz, and H. Zassenhaus, J. Math. Phys. 166 (1975)1615; 
17 (1976)717. 

J. Patera, R. T. Sharp, P. Winternitz and H. Zassenhaus, J. Math. Phys. 17 
(1976)986. 

M. E. Angelopoulos, C.R. Acad. Sci. Paris 264 (1967)585; 
R. Mirman, J. Math. Phys. 9 (1968)47. 

A. Medina and Ph. Revoy, Ann. Sci. Ec. Norm. Sup. 18 (1985)553; 
G. Favre and L. Santaroubane, J. of Alg. 105 (1987)451; 
E. Angelopoulos and S. Benayadi, C.R. acad. Sci. Paris 317 (1993)741. 

G. M. Mubarakzyanov, Izv. Vysshikh Uchebn. Zaredenii Mat. 1 32 
(1963)114;3 34 (1963)99;4 35 (1963)104. 



18 



[25] V. V. Morozov, Izv. Vysshikh Uchebn. Zaredenii Mat. 4 5 (1958)161. 

[26] M.B. Halpern and E. Kiritsis, Mod. Phys. Lett. A 4 (1989)1373; Erratum 
Mod. Phys. Lett. A 4 (1989)1797. 

[27] K. Kikkawa and M. Yamasaki, Phys. Lett. B 149 (1984)357; 
N. Sakai and I. Senda, Prog. Theo. Phys. 75 (1984)692; 
T. H. Buscher, Phys. Lett. B 194 (1987)51; 

A. Giveon, E. Rabinovici and G. Vcncziano, Nucl. Phys. B 322 (1989)167; 

E. Kiritsis, Mod. Phys. Lett A6 (1991)2871; Nucl. Phys. B 405 (1993)109; 

M. Rocek and E. Verhnde, Nucl. Phys. B 373 (1992)630; 

A. Giveon and M. Rocek, Nucl. Phys. B 380 (1992)128; 

A. Giveon and E. Kiritsis, Nucl. Phys. B 411 (1991)487; 

E. Alvarez, L. Alvarez- Gaume and Y. Lozano, "On non-abelian duality, 

Preprint CERN-TH.7204/94. 



19 



